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We study the collective modes of a Bose-Einstein condensate subject to an optically induced
density-dependent gauge potential. The corresponding interacting gauge theory lacks Galilean in-
variance, yielding an exotic superfluid state. The nonlinear dynamics in the presence of a current
nonlinearity and an external harmonic trap are found to give rise to dynamics which violate Kohn’s
theorem; where the frequency of the dipole mode strongly depends on the strength of the mass
current in the gas. The linearised spectrum reveals how the centre of mass and shape oscillations
are coupled, whereas in the strongly nonlinear regime the dynamics is irregular.
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Introduction. Interacting, degenerate many-body sys-
tems formed of bosons or fermions form the building
blocks with which we can understand a broad spectrum
of phenomena at ultracold temperatures [1]. Here, in-
terest has focused on understanding the emergent prop-
erties of these highly controllable macroscopic systems.
Over the last few years the ability to mimic the behav-
ior of charged particles with cold atomic gases has lead
to intense activity both theoretically and experimentally
[2–5]. These charge neutral atomic systems formed from
cold atoms benefit from being highly experimentally mal-
leable, a situation which has lead to the simulation of
orbital magnetism [6, 7], as well as more exotic scenar-
ios such as spin-orbit coupling with both bosons [8] and
fermionic gases [9, 10].
Principally, there are several methodologies which can
be used to induce artificial gauge potentials in neutral
atoms. One can stir the condensate with a laser, which
creates a uniform magnetic flux across the atomic cloud
[11]. Alternatively, one can optically dress the conden-
sate with Raman couplings, or schemes based on dark
state dynamics [2]. By optically coupling several of the
internal states of the atoms, one can simulate more elab-
orate gauge theories with these systems [12, 13], such
as spin-1 spin-orbit coupling [14], as well as ‘interact-
ing’ gauge potentials, where there is a nonlinear feed-
back between the gauge field and the matter field [15–18].
By performing these optical manipulations, we expect
the fundamental properties of the many body system to
change, hence it is important to understand how the na-
ture of the condensed state is altered by such changes.
Insight into the dynamical response of superfluid systems
can be accomplished by means of studying the elemen-
tary excitations of the many-body ground state.
The study of the excitations of many particle bosonic
quantum systems gives fundamental insight into the re-
sponse of the system to small perturbations. Theoretical
studies of the collective modes of condensates in artificial
gauge potentials has shown how the excitation spectrum
undergoes a Zeeman like shift in the presence of a Landau
gauge potential [19]. Analysis of spin-orbit condensates
with equal Rashba and Dresselhaus couplings has shown
the excistence of a rich excitation structure, including
topological phases [20], and an excitation structure that
reflects both the spin and density character of these con-
densates [21].
In this paper we study the nonlinear dynamics and
the elementary excitations of a trapped one-dimensional
Bose-Einstein condensate coupled to a density-dependent
gauge potential (see also [18] for a study of 2D and 3D
effects). The system is interesting from a fundamental
point of view, providing a scenario which is governed by
an interacting gauge theory, and as such can be seen as
emulating a quasi dynamical field theory with some un-
usual nonlinear dynamics. The frequencies of the col-
lective excitations of the gas are found to be strongly
depending on the emerging current nonlinearity, where
in the strongly coupled regime one sees a type of non-
equilibrium steady state appearing. As an alternative
description of the dynamics we provide a variational cal-
culation which is able to capture the strongly coupled sit-
uation which involves strong currents. A trial Gaussian
solution is used along with the underlying Lagrangian
density to derive newton-like equations of motion for the
centre of mass coordinate and the width of the conden-
sate.
Origin of the nonlinear gauge potential. Creating arti-
ficial gauge potentials with atomic systems has reached
an impressive level of accomplishment, ranging from in-
ducing quantised vortices [7], spin-orbit coupling [8] and
even suggestions for simulating dynamical gauge fields in
optical lattices [22–24]. A simple and illustrative setup
for creating static gauge potentials is based on a coupled
two-level system where the coupling is allowed to be de-
tuned and/or space dependent [2] which is also similar in
spirit to the first experiments on spin-orbit coupling, but
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2now in the adiabatic regime where only one of the two
eigenstates stemming from the coupled system is pop-
ulated. The main concept for generalising this system
to a nonlinear gauge potential is the observation that
the gauge potential is proportional to the detuning of
the coupling laser, hence if collisions induce a detuning
then the resulting gauge potential will also depend on the
density of the gas. A realistic Hamiltonian describing N
two-level trapped bosonic atoms with internal states |1〉
and |2〉 which includes the particle interactions as well as
the coupling of the two internal states can be written as
Hˆ =
(
pˆ2
2m
+
1
2
mω2t x
2 +
1
2
mω2⊥r
2
⊥
)
⊗1+ Hˆlm + Vˆ, (1)
where
Hˆlm =
~Ω
2
(
0 e−iφ(r)
eiφ(r) 0
)
(2)
describes the optical coupling between the states |1〉 and
|2〉 whose strength is characterized by the two-photon
Rabi frequency Ω. To derive an equation of motion for
the many particle system, we define the Hartree wave
function as |Ψ〉 = ⊗Nl=1|χ(0)l 〉 where the state |χ(0)l 〉 is
the single-particle wave function, which we take as one
of the eigenstates of equation (2) above. The other
quantities appearing in equation (1) are the radial co-
ordinate r⊥, while the axial and radial trap frequencies
are defined as ωt and ω⊥ respectively. The interactions
are characterized by the matrix Vˆ = (1/2)diag[g11ρ1 +
g12ρ2, g22ρ2 + g12ρ1], where the population of state i is
denoted ρi = |Ψi|2. We assume the Bose-Einstein con-
densate is sufficiently dilute such that we are allowed to
construct interacting dressed states using perturbation
theory with the eigenstates of the light matter coupling
from equation (2). Denoting the unperturbed dressed
states as |χ(0)± 〉 = (|1〉 ± exp{iφ(r)}|2〉)/
√
2, we obtain
the perturbed dressed states as
|χ±〉 = |χ(0)± 〉 ±
g11 − g22
8~Ω
ρ±|χ(0)∓ 〉, (3)
while the eigenvalues are given by gρ± ± ~Ω/2, and the
dressed scattering parameter is defined by g = (g11 +
g22 + 2g12)/4.
To derive an interacting gauge theory, we define a state
vector as |ξ〉 = ∑i=+,−Ψi|χi〉, and project the adiabatic
motion of the atoms into one of these two states. The
effective Hamiltonian then becomes
Hˆ± =
1
2m
(pˆ−A±)2 + 1
2
mω2t x
2 +
1
2
mω2⊥r
2
⊥+
g
2
ρ±. (4)
The density-dependent geometric phase that arises in
equation (4) is given by A± = i~〈χ±|∇ˆχ±〉. There is
also a scalar geometric phase, which in what follows acts
only as an energy offset, and as such is dropped. From
the definitions of the perturbed dressed states, equation
(3), the leading order contribution to the vector poten-
tial is A± = A(0) ± a1ρ±(r), where A(0) = −~2 ∇ˆφ(r)
defines the single-particle vector potential while a1 =
∇ˆφ(r)(g11− g22)/8Ω defines the coupling strength to the
vector potential. By minimizing the energy functional
E = 〈Ψ|(i~∂t − Hˆ±)|Ψ〉 and dropping ± subscripts on
ρ±, Ψ± and A±, the mean-field Gross-Pitaevskii equa-
tion is i~∂tΨ(r, t) = HˆGPΨ(r, t) where
HˆGP =
1
2m
(pˆ−A)2+ 1
2
mω2t x
2+
1
2
mω2⊥r
2
⊥+a1·j+gρ (5)
with
j =
~
2mi
[
Ψ
(
∇ˆ+ i
~
A
)
Ψ∗ −Ψ∗
(
∇ˆ − i
~
A
)
Ψ
]
. (6)
Equation (5) along with the current operator (6) present
a new opportunity with which to explore nonlinear phe-
nomena with ultracold gases. It has already emerged how
the transport properties of such a system exhibit chiral
[16] effects in the continuum, as well as non-standard
tunneling dynamics when studied in a discrete setting
[25].
Elementary excitations. We will consider a tightly con-
fined anisotropic atomic cloud such that the dynamics is
described by the one-dimensional form of equation (5)
and (6). This approximation is valid when the axial
trap frequency is much less than the radial frequency,
ωt  ω⊥. Defining the phase of the laser as φ = kx, and
using the nonlinear transformation
Ψ(x, t) = exp
(
−ik
2
x+
ia1
~
∫ x
−∞
dx′ρ(x′, t)
)
Φ(x, t) (7)
the one-dimensional equation of motion becomes
i~
∂Φ
∂t
=
[
− ~
2
2m
∂2x +
mω2t
2
x2 − 2a1j(x) + g|Φ|2
]
Φ, (8)
where a1 = k(g11−g22)/8ΩSt defines the current strength
and St is the transverse area of the cloud. Mean-
while, the gauge transformed current is given by j(x) =
(~/m)Im(Φ∗(x)∂xΦ(x)). The state of the superfluid com-
ponent in this system is interesting, as the interact-
ing gauge theory captured by Eq. 8 manifestly vio-
lates Galilean relativity. The existence of the superfluid
state relies on Landau’s criterion, which assumes that
the physics is invariant in the co-moving frame. For our
system, this is no longer the case. A direct consequence
of this is that a Bose condensed system lacking Galilean
relativity possesses two critical velocities [26, 27]. For the
Galilean invariant system, these two velocities are equal.
Here, we are interested in the collective excitations of the
trapped chiral quantum gas, and expand the function
Φ(x, t) in the form Φ(x, t) = Φ0(x, t) + δΦ(x, t), where
Φ0(x, t) is the ground state and δΦ(x, t) is the excitations
3in question. The excitations take the form [28] δΦ(x, t) =
exp (−iµt/~) (u(x) exp (−iωt)− v∗(x) exp (iω∗t)), where
u(x) and v(x) are the mode functions, and ω defines
the mode frequency. These definitions lead to the
Bogoliubov-de Gennes equations
(L0 + J0 + 2gn)u+ (J0 − gn)v = ~ωu (9)
(J0 + gn)u− (L0 − J0 + 2gn)v = ~ωv, (10)
where the ground state density is defined by n = |Φ0|2,
the term containing the kinetic energy operator and trap-
ping potential is given as L0 = − ~22m∂2x + 12mω2t x2 − µ,
and J0 = ia1~m [n∂x − 12∂xn]. Equation (8) can then be
written in a more compact form as
{L0 − 2a1j(x) + gn}Φ = 0. (11)
The Bogoliubov-de Gennes equations (9) and (10) along
with the Gross-Pitaevskii equation, (11) will provide the
key to the stability properties of the chiral quantum gas.
The stability properties of the excitations have been stud-
ied in [29] for instance, and often in the context of artifi-
cial event horizons using a hydrodynamic description of
a system. In our case the situation is different, where the
flow of the superfluid gives rise to an effective scattering
length. For instance, we expect that the ground state
does not couple to the current, in which case the physics
is simply that of the standard one-dimensional Gross-
Pitaevskii equation. The current operator will however
couple to the collective excitations.
There are two limits that are of interest. The first
is when g = 0, which we refer to as the gaussian limit.
The second is the Thomas-Fermi limit which is associ-
ated with the condition gN  ~ωtaho, where the har-
monic length scale is defined as aho =
√
~/mωt. In the
Thomas-Fermi limit the standard density nonlinearity is
dominating over the current nonlinearity, and as such will
not normally change the dynamics much compared to the
standard spectrum of a trapped BEC. Figure 1 shows the
excitation frequencies in the gaussian limit, with g = 0,
which can be achieved if the sum of the scattering lengths
are properly chosen. The ground state is then given by a
gaussian profile, as the current operator in equation (8)
will only affect the excitations. The frequencies of the
lowest three excitations are plotted as a function of the
dimensionless current strength a1N/~.
One can see that there is a monotonic decrease in the
frequency of the lowest mode, whereas the higher modes
show for small values of the coupling strength a1N/~ an
increase in frequency, but decrease in frequency for larger
values of a1N/~. The lowest excitation would in the nor-
mal case correspond to the dipole mode, which is an os-
cillating displacement of the centre of mass of the gas.
This frequency does not depend on the interactions be-
tween the atoms, which is also referred to as the Kohn
theorem. In the case of a current nonlinearity this is no
longer the case. The dipole mode is strongly influenced
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FIG. 1: The three lowest excitation frequencies from equation
(9) and (10) plotted as a function of the current strength,
a1N/~ in the limit g = 0. The mode frequencies are all de-
creasing for strong a1N/~ values. The lowest excitation corre-
sponds to the dipole mode which in the presence of a current
nonlinearity depends on the a1N/~ parameter, in contrast to
standard Bose-Einstein condensates. The dotted line indi-
cates the results from the variational calculation.
by the current term. The underlying dynamics is gov-
erned by a coupling between the centre of mass and the
width of the cloud, which is also not present in standard
condensates. It should be noted that, in spin-orbit cou-
pled condensates the Kohn theorem also does not hold,
due to the coupling between the centre of mass and the
internal spin degree of freedom [30, 31].
In the nonlinear regime (see Fig. 2 and 3), which
means a strong coupling strength a1N/~ or sufficiently
high momentum, we see a clear deviation from the sinu-
soidal dynamics given by the linearised spectrum above.
In order to capture this dynamics we need to resort to a
variational description.
Variational analysis. In order to gain a better un-
derstanding of the dynamics, especially in the strongly
nonlinear regime, a variational approach can be adopted
which captures the main features of the dynamics. The
motivation is two-fold. First we want to obtain an ana-
lytical expression for the frequency of the lowest mode by
assuming small amplitude oscillations, hence small cur-
rent nonlinearity. Secondly, the variational ansatz should
provide an accurate solution to the dynamics also in the
intermediate nonlinear regime, meaning we have a well
defined wave packet oscillating in the harmonic trap, but
not captured by the Bogoliubov de Gennes treatment.
For very strong nonlinearities we expect also the varia-
tional ansatz to break down, as shown below.
We assume that the full time-dependent state of the
system is known but different parameters such as the cen-
tre of mass coordinate and width of the condensate are
allowed to vary. Hence, one is able to obtain equations of
motion for these variational quantities which give insight
into the dynamics of the system. This approach has been
applied to the single component condensate [32], and re-
4cently to spin-orbit coupled quantum gases [33, 34] to ex-
plain the collective properties of the gas. Here, we adopt
a similar approach to explore the dynamical properties of
the many-body system. The normalized variational wave
function is assumed to be a gaussian of the form
Φ(x, t) =
(
N2
piσx(t)2
)1/4
exp
(
− (x− x0(t))
2
2σx(t)2
)
eiS , (12)
where the variational parameters are the width σx(t) and
the centre of mass x0(t). The phase is given by
S = m
~
(x˙0x+
1
2
(x− x0)2 σ˙x
σx
). (13)
The resulting equations of motion for x0(t) and σx(t)
then become
x¨0 + ω
2
t x0 =
√
2
pi
a1N
m
σ˙x
σ2x
(14)
σ¨x + ω
2
t σx =
~2
m2σ3x
+
N√
2pi
(g − 4a1x˙0)
mσ2x
. (15)
It can immediately be seen from these two equations that
the dynamics differ radically from the known behaviour
of the single component gas. Equation (14) shows how
the centre of mass coordinate of the condensate no longer
oscillates at the frequency of the trap, but instead has
a nonlinear forcing term that depends on the width of
the one dimensional cloud. Also, the equation of motion
for the width (15) has an extra term on the right hand
side proportional to the velocity of the centre of mass.
The small amplitude oscillations around the equilibrium
points of equations (14) and (15) allow us to understand
the low lying excitation frequencies of the condensate.
We choose g = 0 in order to probe the effects of the
current nonlinearity more clearly. By linearising equa-
tions (14) and (15) around x0 = 0 and σ = σ0 where σ0
is the width of the Gaussian ground state, we expect to
at least capture the main features of the lowest excita-
tion provided that the fluctuations of the width and the
amplitude of the centre of mass is much smaller than the
width of the Gaussian ground state. The lowest excita-
tion frequency after linearisation is readily given by
ω =
ωt√
2
√
5 + 2a˜2 −
√
4a˜4 + 20a˜2 + 9 (16)
where a˜ = a1N
√
2/(
√
pi~). We see that the lowest ex-
citation frequency decreases with increasing a˜. The fre-
quency ω in Eq. (16) is found to be very close to the
frequency calculated by the Bogoliubov-de Gennes equa-
tions shown in Fig. 1. For a˜ 1 we get ω = ωt(1−a2/3).
For a˜  1 the excitation frequency decreases as ω ∼
2ωt/|a˜|. The equation of motions for the width and the
centre of mass in eqs. (14) and (15) based on the vari-
ational calculation do not capture the full dynamics at
strong current nonlinearity because we are restricted to
only two modes of excitations, namely the dipole type
mode and the breathing mode, and any linear combina-
tion of them, and do not take into account any asymme-
try in the cloud which is to be expected from the current
nonlinearity [16]. It does still describe the main features
of the dynamics relatively well and can also capture the
large amplitude limit where the centre of mass of the
BEC is displaced much more than the width of the cloud.
A decreasing frequency with increasing current
strength is also seen from the Bogoliubov-de Gennes
spectrum, as shown in Fig. 1. In fact the linearised spec-
trum from the variational approach for the lowest mode,
indicated by the dotted line in Fig. 1, agree remark-
ably well with the Bogoliubov-de Gennes spectrum. The
Bogoliubov-de Gennes spectrum is based on a linearisa-
tion of the generalised Gross-Pitaevskii equation, and as
such can describe the full spectrum, provided that the
excitations do not deviate much from the ground state.
However, for strong current terms the chiral nature of the
dynamics should also start to play a dominant role. A
full numerical solution of the generalised Gross-Pitaevskii
equation which contains a current nonlinearity confirms
this, see Fig. 2 and 3. The decrease in excitation fre-
quency is clearly seen in the dipole like excitation in Fig.
2, but importantly, both for an initial state corresponding
to a translated wave packet or an initial width not equal
to the ground state width, will result in the same dipole
mode frequency. A type of non-equilibrium steady state
situation is quickly reached corresponding to a dipole like
mode which does not have the same frequency as the trap
frequency. This would indicate that there is strong mode
mixing taking place. With a current nonlinearity present
the centre of mass motion is no longer decoupled from
the other modes, which is the case for standard nonlin-
earities proportional to the density of the Bose-Einstein
condensate. In the chiral system considered here, the
breathing mode, which is normally a symmetric oscilla-
tion in the width of the cloud, is no longer present. For
an initial gaussian state whose width is larger than the
ground state width, we expect a breathing mode to be
excited. But, the initial contraction of the cloud will be
asymmetric due to the effective scattering length having
a different sign for positive and negative x-values, at least
initially. This will result in an asymmetry in the density
of the cloud which will consequently couple to the dipole
like mode. Therefore, any initial small symmetric pertur-
bation of the gaussian state will result in an oscillation
of the centre of mass, as seen in Fig. 3. This dynamics is
well captured by the variational ansatz described above.
The strongly nonlinear regime. For strong nonlinear-
ities, a1ρv & ~ω0, the dynamics becomes irregular, and
cannot be described by a localised smooth wave packet
any more. In Fig. 4 we illustrate this effect by consider-
ing a gaussian initial wave packet with a width σ/σ0 = 5
and a1N/~ = 5.0. The wave packet quickly breaks up
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FIG. 2: (Color online) An initially displaced BEC centred at
x = 1 does not oscillate with the trap frequency once a1 is
increased. (a) a1=0 corresponds to the standard harmonic
oscillator dynamics. (b) a1N/~ = 1, (c) a1N/~ = 2, (d)
a1N/~ = 3, (e) a1N/~ = 4, (e) a1N/~ = 5.
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FIG. 3: (Color online) A BEC whose width at t = 0 is larger
than the Gaussian ground state width, centred at x = 0,
will start to couple to the dipole mode once a1 is increased.
(a) a1=0 corresponds to the standard harmonic oscillator dy-
namics. (b) a1N/~ = 1, (c) a1N/~ = 2, (d) a1N/~ = 3, (e)
a1N/~ = 4, (e) a1N/~ = 5. For strong a1N/~ the dynam-
ics relaxes to the same state found in Fig. 2 with a dipole
frequency decreasing as (a1N/~)−1
into irregular oscillations, with only a faint memory of the
dipole mode in the dynamics. This leads us naturally to
the question how irregular the dynamics is? In order to
quantify the dynamics and to see if the system shows any
kind of relaxation or revivals, we define the normalised
width of the cloud as ∆x(t) =
√〈x2〉 − 〈x〉2/∆x(0). For
a standard BEC with a nonlinearity proportional to the
density of the cloud, we expect to see revivals, where the
cloud oscillates symmetrically around the centre of the
trap and with its characteristic frequency comes back to
its initial state periodically. This scenario no longer holds
with the current nonlinearity. Here we see no revivals.
In addition there is also a degree of relaxation where the
width ∆x approaches a value less than 1.
Conclusions. In this paper we have showed how a
current nonlinearity stemming from an interacting gauge
0
(a) (b) (c)
(d) (e) (f)
2-20 2-2
0
10
20
0
10
20
x [l0] x [l0]
0 2-2
x [l0]
!
t
t
!
t
t
0 10-10
x [l0]
!
t
t
0
10
20
 
x
0 300100 200
!tt
0
1
0 50 100 150 200 250 3000
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
FIG. 4: (Color online) (a) For a broad initial state with
σ/σ0 = 5 the dynamics becomes irregular due to the strong in-
fluence of the current nonlinearity. (b) The normalised width
∆x(t) =
√〈x2〉 − 〈x〉2/∆x(0) of the cloud as a function of
time. No revivals can be seen. The ∆x relaxes towards a
value smaller than 1 for long timescales.
theory gives rise to unconventional superfluid dynamics,
which manifests itself as a coupling between the centre of
mass and the widths of the cloud. In the strongly coupled
limit with a dominating current nonlinearity a dipole like
mode is present where the oscillation frequency depends
strongly on the strength of the current term. The chi-
ral nature of the dynamics causes the effective scattering
length of the gas to oscillate in sign and magnitude when
the centre of mass of the BEC oscillates in the harmonic
trap. Generally speaking, this effect might also allow
for some intriguing applications related to the transport
properties of the gas. The directional dependence of the
nonlinearity could give rise to diode like behaviour of the
quantum gas (see also [35–37] for alternative schemes how
to obtain diode like dynamics), which may provide a new
mechanism for robust coherent control of superfluids.
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